Microresonator frequency combs can be an enabling technology for optical frequency synthesis and timekeeping in low size, weight, and power architectures. Such systems require comb operation in low-noise, phase-coherent states such as solitons, with broad spectral bandwidths (e.g., octave-spanning) for self-referencing to detect the carrier-envelope offset frequency. However, stably accessing such states is complicated by thermo-optic dispersion. For example, in the Si 3 N 4 platform, precisely dispersion-engineered structures can support broadband operation, but microsecond thermal time constants have necessitated fast pump power or frequency control to stabilize the solitons. In contrast, here we consider how broadband soliton states can be accessed with simple pump laser frequency tuning, at a rate much slower than the thermal dynamics. We demonstrate octave-spanning soliton frequency combs in Si 3 N 4 microresonators, including the generation of a multi-soliton state with a pump power near 40 mW and a singlesoliton state with a pump power near 120 mW. We also develop a simplified two-step analysis to explain how these states are accessed in a thermally stable way without fast control of the pump laser, and outline the required thermal properties for such operation. Our model agrees with experimental results as well as numerical simulations based on a Lugiato-Lefever equation that incorporates thermo-optic dispersion. Moreover, it also explains an experimental observation that a member of an adjacent mode family on the red-detuned side of the pump mode can mitigate the thermal requirements for accessing soliton states.
INTRODUCTION
Soliton states in Kerr microcavities represent a path to low-noise comb formation with properties suitable for metrological applications [1, 2] , including optical frequency synthesis [3, 4] , optical clocks [5, 6] , microwave generation [7, 8] , etc. However, accessing soliton states in an experiment is challenging due to the complicating presence of thermo-optic dispersion that makes stable operation on the red-detuned side of the cavity resonance difficult [9] . So far soliton generation has been demonstrated in MgF 2 [9] , SiO 2 [8, 10] , Si [11] , and Si 3 N 4 [12] [13] [14] [15] microresonators, but the reported approaches for stably accessing these states in the literature are quite different, including various frequency ramping schemes such as forward and backward pump laser scans [9, [16] [17] [18] , pump power modulation [19, 20] , as well as abrupt power changes over timescales that are faster than the thermal lifetime (power kicking) [21, 22] . While there are some rough guidelines available for each demonstrated method, they have not offered a clear, systematic path to overcoming the underlying thermal challenges and adiabatically reaching the soliton regime. Moreover, none of these works have reached the regime of octave-spanning operation, a pre-requisite for the f -2 f self-referencing technique for determining the carrier-envelope offset frequency [7, 23, 24] .
Here, we present the first experimental demonstration (to the best of our knowledge) of phase-coherent, octave-spanning soliton microcomb states in Si 3 N 4 microresonators. We access these soliton states through the slow frequency tuning of a fixed power pump laser, at a rate that is much slower than the thermal (and Kerr) dynamics. To better understand our system, we present a simplified analysis to systematically study the thermal stability of the available soliton states, and the results agree with the experimental data and full numerical simulations that consider both the Kerr and thermal effects. This method also allows us to explain an interesting experimental observation that an adjacent mode family member on the red-detuned side of the pump resonance helps stabilize the thermal dynamics during soliton formation, which represents a novel means to generate solitons with slow pump frequency tuning and without a significant improvement to the resonator quality factor, absorption rate, or thermal conductance.
OVERVIEW
Figure 1 summarizes our understanding of how to access octavespanning microcomb soliton states in a thermally stable way through slow frequency tuning of the pump laser. Soliton states exist on the red-detuned side of the Kerr-shifted pump resonance [9] , but fixing the pump laser wavelength λ p at such a detuning is complicated by thermal effects, which cause frequency shifts that depend on λ p and the intracavity power and can vary over relatively fast timescales. While for a resonator with an appropriate group velocity dispersion profile, octave-spanning soliton states such as that shown in Fig. 1 (b) are a solution of the governing Lugiato-Lefever equation (LLE) [25, 26] , the path required to access such states experimentally requires the LLE to be supplemented by thermal considerations.
Our model involves a careful thermal stability analysis for different comb states obtained from the LLE method. For example, the blue trace in Fig. 1(c) shows one example of numerical simulations based on the pure LLE model (no thermal effects), illustrating the three main stages of comb generation: primary comb, modulation-instability (MI) comb, and the soliton regime [9] . The primary comb and MI comb states are thermally stable, as they are on the blue-detuned side of the Kerr-shifted pump resonance, where the thermo-optic effect provides a negative feedback to the cavity energy. In contrast, soliton states exist on the effectively red-detuned side of the Kerr-shifted resonance, and are typically accompanied by a large drop in average intracavity power relative to the MI states. Thus, in the transition from an MI comb to a soliton state, the cavity temperature become dynamically unstable (point O) and drops at a rate determined by the thermal lifetime (on the order of microseconds for the Si 3 N 4 resonators considered in this work), which in turn brings the cavity into a further red-detuned regime. As a result of the vastly different timescales of the thermal response and the laser sweep, the laser frequency can be considered fixed as the temperature changes, so that the effective cavity detuning is largely dictated by the resonator thermal response.
The red and magenta curves in Fig. 1 (c) depict two examples of the evolution of the laser-cavity relative detuning after pass- (a) Schematic of a waveguide-coupled microring resonator in which a pump laser at wavelength λ p is slowly tuned across a cavity mode whose cold-cavity wavelength is λ 0 . (b) Simulated steady-state soliton microcomb spectrum for a dispersion profile shown in the inset, as a function of mode index µ, where µ=0 is the pumped mode (at 1550 nm) and the mode spacing is ≈ 1 THz. Near µ=0, the dispersion is quadratic (see the inset). The departure from quadratic dispersion away from µ=0 results in dispersive waves (DWs) near 1 µm and 2 µm. (c) Comb power as a function of effective detuning (blue line) as the pump laser is tuned in a wavelength-increasing direction at a slow enough rate (detailed definitions are given in Section 5). At the crossover between MI combs and soliton combs (point O, discussed in more detail in Section 5), the cavity temperature becomes dynamically unstable. In certain cases, it stabilizes with the system in a soliton state (dashed magenta line with the end state at point S), while in other cases it drops to that of the ambient environment and no soliton state is accessed (dashed red line with the end state at point U). The inset shows the corresponding pump transmission for these two cases. Note that the transition from O to S or U happens on the order of the thermal lifetime and is difficult to resolve if the data acquisition rate is not fast enough.
ing into the soliton regime. For a thermally stable soliton state (dashed magenta line in Fig. 1(c) ), the cavity temperature stabilizes with the system at point S, and the system will remain in this state as we continue varying the pump wavelength, until the pump laser is completely off resonance. In the thermally unstable case (dashed red line in Fig. 1(c) ), the thermal trajectory of the cavity fails to stabilize with the system on any soliton state, and the cavity temperature drops to the ambient temperature, so that the pump laser is automatically detuned off resonance (point U). These two cases can be easily distinguished in the pump transmission measurement if we vary the pump wavelength at a slow enough rate relative to the thermal dynamics. As illustrated by the inset of Fig. 1(c) , a thermally stable soliton results in a characteristic soliton step in the pump transmission, which is absent if no such thermally stable soliton states exist. In the following sections, we present experimental observations and the results of numerical simulations to elucidate these scenarios.
The organization of this manuscript is as follows. and 4 present the dispersion design, measurement setup, and experimental observation of octave-spanning multi-soliton states. Section 5 gives a detailed development of the model summarized above, and describes how the thermally stable solutions can be predicted based on a simple graphical analysis incorporating solutions of the individual LLE and thermo-optic models. Section 6 compares the results of this model against simulations in which thermal dynamics are fully incorporated into the LLE. Finally, Section 7 presents the observation of octave-spanning single solitons, and analyzes how this observation is enabled by a mode coupling effect that thermally stabilizes the system.
DISPERSION DESIGN AND EXPERIMENTAL SETUP
Our focus is on Si 3 N 4 microring resonators whose geometries are tailored for octave-spanning comb generation. The key element is a 23 µm radius Si 3 N 4 microring with 1 THz free spectral range, as the large mode spacing allows comb generation with reduced pump powers compared to larger-sized microresonators [12, 15, 27] . The generated comb spectrum depends critically on the ring waveguide dispersion [27, 28] , and in particular, broad spectral bandwidths can be achieved by soliton dispersive wave emission [15] . To determine our resonator dispersion, we must consider the bending effect from the small ring outer radius (23 µm), which shifts the resonator towards the normal dispersion regime, requiring smaller ring widths to achieve a given level of anomalous dispersion than what is needed for larger radius resonators (where bending effects can be neglected). The overall dispersion, which includes the material dispersion as determined by spectroscopic ellipsometry, is computed based on a fully vectorial microresonator eigenfrequency mode solver, and a series of examples is provided in Fig. 2(a) . For air-clad Si 3 N 4 microrings (see Fig. 2 (b) for waveguide cross-section), anomalous dispersion can be attained for Si 3 N 4 thickness around 600 nm, which is considerably less than what is typically required for oxide-clad devices. For the ring widths shown in Fig. 2(a) , the second-order dispersion is anomalous for a wavelength range spanning a few hundred nanometers and displays a monotonic decrease with the ring width. Moreover, high-order dispersion terms are found to be important when designing frequency combs for such wide spectral ranges [28] . In particular, they are responsible for the aforementioned generation of dispersive waves, which are coherently linked to the pump and can extend the comb spectrum to the normal dispersion regime [15] . The spectral positions of these dispersive waves correspond to the zero-crossing points of the integrated dispersion relative to the pumped mode, which is given by
where µ is an integer representing the relative mode number, ω µ is the resonance frequency of the µ th mode (µ = 0 is the pump), D 1 is the free spectral range of the microresonator, D 2 is the second order dispersion, and D 3 , D 4 . . . are higher-order dispersion terms. For Si 3 N 4 thickness around 600 nm, numerical simulations (see the inset of Fig. 2(a) ) indicate that for ring widths in the range of 1750 nm to 1800 nm, there are two dispersive waves located around wavelengths of 1 µm and 2 µm [29] , while for ring widths with stronger dispersions (width < 1750 nm) only the long dispersive wave around 2 µm is observed within this spectral window. Finally, we have used the pulley-coupling scheme to achieve an efficient power injection for the pump as well as an optimized out-coupling for the frequency components around the wavelengths of 1 µm and 2 µm [29, 30] . Figure 2 (b) shows the experimental setup. Light is coupled on and off the chip with lensed fibers, with a coupling loss of approximately 6 dB per facet. At the output, we obtain the pump transmission using a narrowband filter that is centered on the pump mode. In this work, the pump frequency laser is scanned at a relatively slow speed, with a full resonance scan that typically takes up to tens of milliseconds, corresponding to a pump tuning rate on the order of -100 GHz/s. During the sweep, however, the cavity mode becomes dynamically unstable at certain pump detunings due to the thermo-optic effect [31] , which quickly shifts the resonant mode off the pump laser at a timescale proportional to the thermal lifetime (≈ 3.4 µs, see Supplementary Material). To measure these distinctively different temporal responses, a photoreceiver with 800 MHz bandwidth is used in combination with a data acquisition card (DAQ) for the slow response (sub-millisecond), and with an oscilloscope (600 MHz bandwidth) for the fast response (sub-microsecond).
In addition, because of the wide spectral span of the generated frequency comb, the transmitted light is sent to two optical spectrum analyzers (OSAs), with one covering the wavelength range of 600 nm to 1700 nm and the other covering 1700 nm to 2600 nm. Finally, the coherence properties of the generated frequency combs are characterized by measuring the beat note between individual comb lines and reference lasers tuned into nearly the same frequencies. After combining them using a 50-50 directional coupler, their beat note is obtained with the use of the same 800 MHz bandwidth photoreceiver for the pump transmission and an electronic spectrum analyzer. In these measurements, a coherent comb state corresponds to a single narrow beat note whose linewidth is only limited by the laser linewidth, while a noisy comb state typically results in either multiple beat notes or a broad beat note [32] .
ACCESSING MULTI-SOLITON STATES: EXPERIMENT
We next present experimental results on octave-spanning, phase coherent microcomb states, accessed through tuning of the pump laser frequency at a rate much slower than any time constant of the system, and consistent with multi-soliton behavior. Figure 3 shows the experimental results for a Si 3 N 4 microring with thickness of 603 nm ± 2 nm and width of 1760 nm ± 10 nm, where the uncertainty in thickness is a one standard deviation value based on ellipsometry of the grown film, and the uncertainty in width is a one standard deviation value based on scanning electron microscopy. We start with a relatively small pump power (40 mW ± 5 mW on chip) and slowly decrease the pump frequency 1 . As shown by the DAQ response in Fig. 3(a) , the pump transmission initially varies with frequency in a standard way, and a broadened lineshape is recorded due to the combined Kerr and thermal effects. In addition, a step response indicative of soliton generation is observed near the bottom of the pump transmission [9] . Its spectral width is independent of the laser scanning speed (provided that it is slow enough), suggesting that it is a thermally stable state. As we further reduce the pump frequency, however, thermally-induced instability spontaneously shifts the resonant mode off the pump laser in a time on the order of microseconds (boxed region in Fig. 3(a) ). The oscilloscope data ( Fig. 3(a) ) reveals additional soliton steps during this fast transition. However, these soliton steps are thermally unstable and only represent transient states.
The optical spectrum corresponding to the thermally stable soliton step is provided in Fig. 3(b) , and shows an octavespanning frequency comb with two dispersive waves. Their spectral positions, with the short and long dispersive waves located around 1.06 µm and 2.06 µm, respectively, are consistent with predictions based on a similar dispersion calculation as shown in Fig. 2(b) for the estimated ring waveguide dimension (note that the spectral positions of the dispersive waves shift toward longer wavelengths as the Si 3 N 4 thickness increases). The second-order dispersion is also estimated through measurement of the resonance frequencies using a wavemeter in the 1.55 µm band, which gives D 2 /2π = 25 MHz ± 2 MHz (see the inset of the comb spectrum in Fig. 3(b) ), where the uncertainty is due to the resolution of the wavemeter and is a one standard deviation value from the fit to the data. Finally, the coherence properties of the generated comb are examined with the help of reference lasers, each of which has a linewidth < 1 MHz. The obtained clean beat-note signals for three selected comb lines (see the bottom of Fig. 3(b) ) confirm that the comb spectrum shown in Fig. 3(b) corresponds to a phase-coherent state.
Following the successful soliton generation at a pump power near 40 mW, we gradually increase the power and monitor the change in comb dynamics. As shown in Fig. 3(c) , the soliton step near the bottom of the pump transmission disappears at a power of 80 mW ± 10 mW. In fact, the oscilloscope measures a noisier signal than the low-power case, indicating that the corresponding comb state is likely to be chaotic. On the other hand, as the resonant mode is being shifted off the pump laser by the thermo-optic effect, a low-noise soliton step is observed for a pump transmission well above its minimum. Compared to the multi-soliton state shown in Fig. 3(a) , numerical simulations indicate that it corresponds to a lower soliton number state. However, experimentally we find it is difficult to land on this state using slow pump frequency tuning. Qualitatively, this behavior might be expected based on the large change in intracavity comb power, and resulting thermal effect, associated with soliton steps that are well above the pump transmission minimum. We consider such points in detail in the next section.
THERMAL STABILITY: MODELING AND DISCUSSION
In the previous section, we showed that it is possible to stably access a multi-soliton state with two dispersive waves at a relatively small pump power (40 mW ± 5 mW). Ideally, we would also have access to a lower soliton number state, which is expected to have a broader spectral bandwidth and smoother spectral envelope. Increasing the pump power to 80 mW ± 10 mW reveals the existence of such a state (the multi-soliton state is chaotic at this pump power), but it is thermally unstable and cannot be accessed with slow pump frequency tuning. In this section, we focus on the understanding of these experimental results with the aid of numerical simulations. To simplify this complicated problem, we shall consider a parameter regime in which the thermal effect is slow compared to the Kerr dynamics. Such an assumption, justified by our expected thermal lifetime (see Supplementary Material), allows us to decouple these two effects and greatly simplifies the analysis, as shown below.
It is well-known that the comb dynamics can be described by a mean-field Lugiato-Lefever equation (LLE) as [25, 26, 33] :
where |E(t, τ)| 2 is the power travelling inside the microring (t is the slow time of the cavity, associated with the resonator roundtrip time t R and τ is the time), δω eff is the effective cavity detuning (δω eff ≡ ω p − ω l with ω p and ω l being the hot-cavity resonance frequency and the pump laser frequency, respectively), v g is the group velocity, β k is the kth order dispersion coefficient, γ is the Kerr nonlinear coefficient, κ c is the external coupling rate (κ c = ω p /Q c with Q c being the coupling Q), κ is the total cavity loss rate (κ = κ i + κ c , where κ i = ω p /Q i is the intrinsic loss rate with Q i being the intrinsic Q), and E in is the driving field (input power P in = |E in | 2 ). We first consider the evolution of the pump transmission through the Kerr resonator. In steady-state, the pump transmission t p is derived from the Fourier transform of Eq. 2 as:
where δω k and κ i are the additional frequency shift and conversion loss caused by the Kerr effect on the pump mode, respectively. Mathematically, they correspond to the real and imaginary parts of the Fourier series coefficients of the Kerr nonlinear term F p (i.e., δω k ≡ Re(F p ) and κ i /2 ≡ Im(F p )), given by:
where F denotes the Fourier transform and the subscript p denotes the pump index. Physically, the additional loss κ i stems from frequency conversion from the pump to other comb lines. Therefore, from conservation of energy we deduce that
where κ = κ i + κ c is the total loss rate and X is the ratio of the intracavity power of the whole comb spectrum to that of the pump comb line (i.e., X ≡ ∑ m |E m | 2 /|E p | 2 with E m ≡ F {E(t, τ)} m ). Figure 4 (a) shows one example of numerical simulations based on the LLE model, with simulation parameters given in the Supplementary Material. For the moment we assume there is no thermal effect so the effective cavity detuning is solely determined by the laser frequency variation. By continuously varying δω eff in an increasing direction corresponding to decreasing the pump frequency, as done in experiments), we reproduce the three main stages of the comb generation: primary comb, MI comb and soliton. For convenience, the x axis is normalized by the cavity half-linewidth (∆ ≡ 2δω eff /κ). In the lower panel of Fig. 4(a) , we plot two normalized parameters which are defined as δω ≡ 2(δω eff − δω k )/κ (blue line) andκ i ≡ κ i /κ (red line). The transition from the MI comb to the soliton is correlated with the sign change of δω, consistent with the expectation that solitons exist on the red-detuned side of the Kerr-shifted resonance [9] . Moreover, in the soliton region δω is almost constant, suggesting that the Kerr phase shift can effectively compensate the cavity detuning to maintain the soliton form. Finally, the relationship specified by Eq. 5 is verified by comparing the numerical values of X − 1 (black circles) withκ i (red line) in the soliton region. Note that the value of X is determined by the soliton state (which in turn depends on the pump power and dispersion) and typically increases as the soliton order reduces. For X 1, Eq. 5 indicates that the additional conversion loss dominates the coupling loss, and therefore, once the soliton is generated the pump mode is effectively in the under-coupled , which are the effective loss rate due to conversion from pump to comb lines and the detuning with respect to the Kerr-shifted pump resonance, respectively. The markers (black circles) denote the calculated value of X − 1, with X being the ratio of the intracavity power of the whole comb spectrum to that of the pump comb line. (b) Simulated comb powers for repeated runs of the LLE simulation using the same parameters in (a). O is the point at which the slope of the tangent to the averaged comb power is equal to −K eff . For a given K eff , the maximum nonlinear wavelength shift for which a certain soliton state (here N = 6) is thermally stable is given by (δλ l ) max . The inset depicts the case without the Kerr effect (standard thermo-optic bistability), with details provided in the text.
regime regardless of the initial coupling condition in the linear case. Next, we move on to discuss the impact of the thermal effect to the comb dynamics. First, we rewrite the effective cavity detuning as
ω o is the cold-cavity resonance frequency, δω p is the resonance frequency shift due to the thermo-optic effect (δω p ≡ ω p − ω o ), and δω l is the laser frequency detuning relative to ω o (δω l ≡ ω l − ω o ). Assuming a linear absorption of the incracavity power and the steady-state case, we have
where δλ l is the normalized laser wavelength detuning (δλ l ≡ −2δω l /κ), and K eff is a parameter characterizing the resonance frequency shift caused by the thermal effect:
where κ a is the linear absorption rate, dn dT is the thermo-optic coefficient, n g is the group index, and K c is the thermal conductance of the microring resonator (see Supplementary Material).
We now incorporate the thermal effect into the problem following a two-step process: first we find the comb power (∑ m |E m | 2 ) as a function of the effective detuning (∆), and then we combine the obtained results with the thermal equation (Eq. 6) to find the solution for a given laser detuning δλ l . This approach is illustrated in Fig. 4 (b) using a graphical method. We start with a simple example which does not have the Kerr effect (inset of Fig. 4(b) ). In this case, the cavity power is a Lorentzian function of the effective cavity detuning. On the other hand, Eq. 6 specifies the cavity power as a linear function of the cavity detuning, with a slope of −K eff and x-intercept of δλ l . Their intersecting points correspond to the steady-sate solutions. As we increase the laser wavelength, the number of solutions increases from one (line I) to multiple (between lines II and III) and reduces back to one again (beyond line III). The multiple-solution region is bounded by lines II and III, and at the intersecting points O and N (see inset of Fig. 4(b) ), the tangent to the cavity power curve has the same slope of −K eff as specified by the thermal equation (Eq. 6). It is easy to deduce that the solution located between the points O and N (green line in the inset of Fig. 4(b) ), where the slope of the tangent to the cavity power is smaller than −K eff , is thermally unstable, in the sense that the temperature of the mode can be easily perturbed in this region to evolve to the thermally stable branch. In particular, if we further increase the laser wavelength at line III, the state of cavity will abruptly switch from the point O to the point P, leading to a sharp increase in the pump transmission and resulting in the so-called thermal triangle as observed in the experiment (Fig. 3) . We note that this analysis of the thermo-optic dispersion of a cavity is fully consistent with the literature [31] .
Having verified the graphical analysis in the case of no Kerr effect, we now apply the the same method to comb generation, with the following considerations. First, the comb power as a function of the effective cavity detuning is computed from the LLE simulation. Second, as can be seen from Fig. 4 , the comb power in the unstable MI comb (chaotic) regime has strong oscillations. For the thermal analysis, since the thermal effect is much slower than the cavity lifetime, we only need to consider the averaged comb power. Finally, the transition from the unstable MI comb to the soliton is not a deterministic process, and soliton states with different orders can be accessed with a certain probability [18] . For instance, Fig. 4(b) shows the possible soliton states for the microresonator operated under the same conditions as shown in Fig. 4(a) . It is easy to see that for each soliton state there is a minimum K eff to make it thermally stable (i.e., otherwise there is no intersecting point), and the required K eff increases as the soliton number reduces. Moreover, this method provides a straightforward way to determine whether we can access certain soliton states in the experiment. Using Fig. 4(b) as an example, the maximum laser wavelength detuning for accessing N = 6 (corresponding comb power shown by the blue line) is marked as (δλ l ) max . If in the experiment the measured nonlinear triangle (as shown in Fig. 3 in the pump transmission) is less than this value, we expect the N = 6 and higher-order soliton states are thermally stable and can be accessed with the slow pump frequency tuning method.
THERMAL STABILITY: NUMERICAL SIMULATIONS
We now use the two-step process outlined in the previous section to understand the available soliton states for the microresonator studied in our experiments, and whether they can be accessed with slow pump frequency tuning. As we show below, this approach provides a qualitative understanding of the experimental data. In addition, we compare our approach with a full LLE simulation that directly incorporates thermal effects, and we find that quantitative agreement can be achieved. Figure 5 shows the simulation results based on the LLE model for the microring studied experimentally in Fig. 3 , with thickness of 600 nm and ring width of 1760 nm. The coupling/intrinsic Qs are estimated from the linear transmission measurement to be approximately 6 × 10 5 /1 × 10 6 , respectively. At the pump power of 40 mW (Fig. 5(a) ), we observe a soliton step near the bottom of the pump transmission, which is similar to the experimental data shown in Fig. 3(a) . By repeating the same simulation, we find the comb can end up in either the N = 5 or N = 4 soliton state. The similarity between the simulated comb spectrum for the N = 5 soliton state (Fig. 5(a) ) and the measured data ( Fig. 3(b) ) suggests that the multi-soliton state generated in the experiment is likely to be the N = 5 soliton state. Moreover, using the graphical method illustrated in Fig. 4(b) , we infer that the required K eff to make the N = 5 soliton state thermally stable can be very small, since the slope of the intersecting line to the N = 5 soliton state (red dashed line in the comb power plot in Fig. 5(a) ) is close to zero. This is consistent with the experimental result that we are able to stably access such a multi-soliton state using slow pump frequency tuning.
Next, we compare the simulation results for the pump power of 80 mW to the experimental data shown in Fig. 3(c) . The LLE simulation provided in Fig. 5(b) confirms that the high-order soliton states near the bottom of the pump transmission become chaotic with the increased pump power, and there is only one low-noise soliton step that is well above the transmission minimum. The simulated comb spectrum and temporal response shown in Fig. 5(b) reveal that this is a single soliton state. However, to stably access this soliton state the maximum nonlinear wavelength shift (contributed by the Kerr and thermo-optic effects) should be less than approximately 12 ∆ (corresponding to a wavelength shift of 25 pm), which is considerably smaller than the experimentally observed thermal triangle with a wavelength span around 120 pm (see Fig. 3(c) ). As a result, we conclude that this soliton state is not thermally stable due to the relatively strong absorption in our device, which is consistent with the experimental observation shown in Fig. 3(c) .
Thus, our graphical method has achieved qualitative agreements with the experimental data in terms of the thermal stability of the available soliton state. We can further validate our approach by comparing its predictions with a full numerical simulation that has incorporated the thermal effect into the LLE model [9, 18] . For this purpose, the thermal decay rate of the Si 3 N 4 microresonator (γ T ≈ 2.9 × 10 5 /s) is obtained by implementing the heat transfer equation using a finite element method (details in the Supplementary Material). In addition, the laser detuning has been varied at a slow enough rate (relative to the thermal decay rate) to be consistent with the experiment (the scanning time is at least 100γ figure we show the pump transmission as a function of the laser wavelength detuning, which is gradually increased from the blue side of the pump resonance and its variation speed is slow compared to the thermal dynamics in the cavity. In the right figure we plot the temporal evolution of the pump transmission and the cavity temperature relative to the ambient environment by fixing the laser wavelength detuning at the position marked by the vertical arrow in the pump transmission.
a simulation example, where K eff = 0.6 is chosen to match the experimentally measured thermal triangle at the pump power of 40 mW (see Fig. 3(a) ). As can be seen, a soliton step has been reproduced near the bottom of the pump transmission as we gradually increase the laser wavelength from the blue side of the cavity resonance. Moreover, if we fix the laser detuning after it reaches the soliton step (position marked by the vertical arrow in Fig. 6(a) ) and let the comb state evolve by itself, we find that the temperature of the cavity and the pump transmission are both stabilized, thus demonstrating that this multi-soliton state is indeed thermally stable. Next, we reduce K eff by one order of magnitude, and find that the same soliton state can be stably accessed with slow frequency tuning of the pump laser ( Fig. 6(b) ). This agrees with the result from the graphical method in Fig. 5(a) , which predicts that for N = 5 soliton state the required K eff can be close to zero. Of course, the reduced value of K eff has some effect on the system, in elevating the steady-state cavity temperature much more above the ambient environment than in Fig. 6(a) . In Figs. 5(c) and (d), we carry out similar full LLE simulations for the pump power of 80 mW, where we find K eff has to be larger than 3.6 to make the single soliton state thermally stable. It is straightforward to verify that a similar threshold for K eff can be obtained from the graphical method in Fig. 5(b) . Therefore, we conclude that the two-step analysis developed in this work provides a convenient and accurate approach to analyze the thermal stability of soliton states.
ACCESSING THE SINGLE SOLITON STATE
So far we have shown, both experimentally and theoretically, that we can access a high-order soliton state with properly chosen pump powers. In addition, we have shown that it could be quite challenging to access low-order soliton states with slow pump frequency tuning, as the comparatively larger drop in intracavity comb power when crossing from the MI regime to the soliton regime places a more stringent requirement on the effective thermal property of the microresonator. For instance, the simulation performed in Fig. 6 indicates that we need to increase K eff by a factor of six to stably access the single soliton state in our microresonator. From the definition of K eff (Eq. 7), this can be done by reducing the absorption rate or increasing the thermal conductance of the resonator, for example. However, in the experiment we find that it is possible to access the singlesoliton state in some devices without significant improvements to any of these properties. We provide one such example in Fig. 7 , which is measured from a microring with thickness of 623 nm ± 2 nm and ring width of 1750 nm ± 10 nm. As shown in Fig. 7(a) , a thermally stable soliton step is observed for a pump power of 120 mW ± 15 mW, and the corresponding soliton state can be accessed through slow pump frequency tuning. Interestingly, this thermally stable soliton step only appears in the DAQ transmission if the input pump has a mixed polarization configuration, and disappears if the polarization is adjusted to be pure TE (transverse electric). In fact, we have observed similar behavior (single soliton generation being accessed for slow frequency tuning with a mixed polarization pump) for multiple devices across multiple chips. The comb spectrum provided in Fig. 7 (b) implies that this is a single-soliton state, which spans more than one octave and has a long dispersive wave around 2.27 µm. Its coherence is verified by the beat-note measurement shown in Fig. 7(c) . Finally, the measurement of the resonance frequencies in the 1.55 µm band (see the inset of Fig. 7(b) ) gives D 2 /2π = 53 MHz ± 2 MHz. The stronger dispersion than that of the microring studied in Fig. 3 is attributed to the thicker Si 3 N 4 layer and the slightly smaller ring width. It is also consistent with the fact that we only see one long dispersive wave in the comb spectrum (see Fig. 2(a) ).
Before trying to explain the experimental results, we first notice that there is an avoided mode crossing at the pump res- onance, which leads to a blue frequency shift in the pump resonance as evident in the dispersion measurement in Fig. 7 (b) (where the pump resonance frequency is blue shifted nearly half of the cavity linewidth away from the origin of a quadratic dispersion fit). We identify from the linear transmission measurement ( Fig. 8(a) ) that this frequency shift is caused by the mode interaction between the fundamental TE and TM (transverse magnetic) modes [34] (note that the fundamental TM mode has normal dispersion in the 1550 nm band and is severely overcoupled). The LLE simulation performed in Fig. 8(b) suggests that the amount of the frequency shift of the pump resonance due to the TE-TM mode coupling is tolerable, and the soliton generation is not inhibited, as has been seen in other works in which mode crossings near the pumped mode are observed [35] . However, using the same graphical method developed in Sect. 5, we find that the maximum nonlinear wavelength shift corresponding to a thermally stable single soliton state is about 35 pm. This is considerably less than the typical thermal triangle observed in the experiment, which is on the order of 100 pm for a pump power of 80 mW (see Fig. 3 (c) and Fig. 7(a) ). This explains the fact that soliton step is absent in the DAQ transmission when the input polarization is set to pure TE. In addition, we note that in our experiments, stable soliton generation is not observed when we pump on nearby TE modes (i.e., those which do not exhibit TE-TM mode coupling).
Thus, it seems from experiments and initial simulations that both the mixed polarization input and the presence of a nearby TM mode are needed for stable single soliton generation in these devices. We now try to understand how these elements help in accessing stable single soliton states through slow pump frequency tuning. It is important to realize that though the two modes shown in Fig. 8(a) are considered to be independent in the linear case, they can interact with each other at high pump powers through the thermal effect. For example, the absorption of the intracavity power from the TE mode leads to a rise of the cavity temperature, which in turn shifts the resonance frequency of the TM mode. The same is true with the TM mode. In our case, the presence of a second mode (TM) on the red-detuned side of the pump resonance (TE) could help stabilize the thermal dynamics as the frequency comb evolves to the soliton state. While previous studies have shown that in some cases the avoided mode crossing could help the comb formation in terms of the Kerr dynamics [36, 37] , here the benefit from the adjacent mode is purely from the consideration of the thermal dynamics. To see this, we use Fig. 8(c) as one example, where we have plotted the intracavity power for both the TE and TM modes for input powers of 80 mW and 40 mW, respectively. Because of the relatively small input power as well as the low Q factor, the intracavity power of the TM mode can be approximated as a Lorentzian function of the effective cavity detuning (i.e., we neglect the Kerr effect for the TM mode). The sum of the cavity power from the two modes (assuming that the TE and TM modes have the same absorption rate), which determines the cavity temperature, is plotted in Fig. 8(d) . Using the same graphical method as in the previous section, we find that the single soliton state becomes thermally stable for K eff that matches the experiment. Notably, this single soliton state is not thermally stable if the TM mode is absent (Fig. 8(b) ). Together, this demonstrates that an adjacent mode on the red-detuned side of the pump resonance can mitigate the thermal requirements for accessing low-order soliton states. While these modes can in principle be of the same polarization, orthogonal polarization enables a level of in-situ control of the thermal dynamics, as adjustment of the input polarization state varies the relative power coupled into each mode. Finally, the simulated comb spectrum corresponding to the single soliton state for an input power of 80 mW for the TE mode is provided in Fig. 8(e) , and a reasonably good agreement with the experimental data shown in Fig. 7(c) is observed.
CONCLUSION
The successful demonstration of phase-coherent, octavespanning soliton microcomb states in a chip-integrated Si 3 N 4 microresonator represents an important step towards on-chip self-referencing [38, 39] . In particular, the use of a relatively small pump power (approximately 100 mW or less) and the possibility of generating double dispersive-wave emission are two promising features for many practical applications. Our soliton microcomb states can be accessed with slow frequency tuning of the pump laser, thus relinquishing the need for more complicated control of pump power and/or frequency. More generally, we have presented a systematic treatment analyzing the thermal stability of soliton states, from which we conclude that high-order soliton states are relatively easy to generate by carefully choosing the pump power, so that they are thermally stable and not in the chaotic regime. In contrast, accessing lowerorder/single soliton states with slow pump frequency tuning could be challenging and may require improved resonator properties. This could include reducing the optical absorption rate (e.g., through improved annealing and surface treatments to reduce bulk and surface absorption) or engineering the device geometry to increase the resonator thermal conductance. Alternatively, we also show that it is possible to overcome the thermal challenges by taking advantage of mode couplings which do not sufficiently perturb the mode spectrum to inhibit soliton formation, but which modify the thermal landscape of the system. This method shows the possibility that with proper thermal engineering of the microresonator, accessing the phase-coherent single soliton microcomb states could become a straightforward process in the future.
SUPPLEMENTARY MATERIAL: SIMULATIONS ON THERMAL PARAMETERS
The thermal dynamics in a microresonator are described by the following equation [31, 40] :
where γ T is the thermal decay rate, K c is the thermal conductance of the microresonator, and P abs denotes the absorbed optical power. T eff is an effective temperature computed by averaging the temperature of the cavity, T(r, t), over the optical mode volume as T eff = T(r, t)n 2 (r)|E(r)| 2 d 3 r n 2 (r)|E(r)| 2 d 3 r ,
where n(r) denotes the refractive index and E(r) is the electric field of the cavity mode.
To obtain the numerical values of the the thermal decay rate and the thermal conductance, we implement the heat transfer equation based on the finite element method (FEM) for the resonator structure (See Fig. 9(a) ). The heat source is assumed to have the same intensity distribution as the resonant mode (i.e., we assume a linear absorption of optical power). By fitting the simulation results (Fig. 9(b) ) with Eq. 8, we obtain γ T = 2.9 × 10 5 Hz and K c = 2.86 × 10 −4 W/K for a 23 µm radius Si 3 N 4 microring resonator.
SUPPLEMENTARY MATERIAL: PARAMETERS USED IN LLE SIMULATION
In this section, we list the major parameters used in the LLE simulations shown in the main text, including Figs. 4-6 and 8. In  Fig. 4 , we have adopted similar parameters as used in Ref. [18] , where the dispersion of the microring is dominated by the second order dispersion (β 2 ). In all the other LLE simulations, the dispersion is obtained from a fully vectorial microresonator eigenfrequency mode solver based on FEM, which includes the bending dispersion present in THz mode spacing resonators (not significant for the 100 GHz mode spacing in Fig. 4) , and higher-order dispersion terms are retained. The full LLE simulation shown in Fig. 6 is performed by combining Eq. 8 with the standard LLE model, using the thermal parameters obtained in Section 1. We assume a value of the Kerr nonlinear refractive index n 2 ≈ 2.5 × 10 −19 m 2 W −1 for Si 3 N 4 [41, 42] , and the effective nonlinearity γ is determined from this value and the FEM-determined effective modal area [30, 43] . 
